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EQUATIONS OF MOTION FOR NONAXISYMMETRIC VIBRATIONS OF PROLATE SPHEROIDAL SHELLS

INTRODUCTION
Prolate spheroidal shells (PSS) are shells of revolution that can span a wide range of shapes, from spherical to needle-like. They are essentially ellipsoids of revolution about their major axis and may have a constant thickness or a variable thickness defined by two confocal ellipses. The ellipse is characterized by an interfocal length d and eccentricity 1/a, where a is the radial coordinate of the shell's mid-surface in the prolate spheroidal coordinate system. In the limits d -> 0, a -» °°, and (da/2) -* R, the ellipse approaches a circle whose radius is R and the shell then becomes spherical.
The theory of thin elastic shells is based on the approximation that the shell thickness h is much smaller than the typical dimension of the shell R, i.e., h/R « 1. Typically, the ratio of h/R is taken to be less than 0.05. Unlike thin elastic plates, the in-plane and out-of-plane displacements of thin elastic shells are coupled. Furthermore, unlike elastic plates, elastic shells can deform in an extensional mode (membrane) or in a coupled extensional/flexure mode (membrane and bending).
In the extensional theory of thin shells of revolution, there are three independent displacements: w is the out-of-plane displacement, u is an in-plane displacement (extension) in the plane of the generator surface, and v is a displacement perpendicular to the generator surface, i.e., torsional. The displacements u and w are coupled in longitudinal and flexural deformation, while v is uncoupled and is purely torsional deformation. Therefore, the strain energy density is exclusively dependent on the extensional strains of the shell's mid-surface and is linearly dependent on the thickness h/R. Thus, for the extensional theory of shells, there are three branches in the frequency-wavenumber spectrum corresponding to the three displacements u, v, and w. The lowest branch is an acoustic branch representing flexural vibrations of the shell where |w/u| > 1. This acoustic branch has a constant limit in the frequency as the wavenumber k -» °°. This means that the group and phase velocities for this branch approach zero as k -> °°, rather than the sound speed of the shell material. Furthermore, the flexural resonance frequencies are not distinct for k -> °°, since the frequency spacing approaches zero as the mode number k becomes very large. The theory predicts the low-ordered mode resonance frequencies accurately, but becomes inaccurate after the first few modes. The second acoustic branch represents a decoupled (pure) torsional displacement v, which has group and phase velocities correctly approaching the shear sound speed of the shell material, i.e., c s = G / p s as k -> °°, where G is the shear modulus, and p s is the density. The third branch is an optical branch that represents |w/u| < 1, i.e., primarily in-plane deformation of the shell, representing longitudinal vibrations. As k -» °o, this branch has phase and group velocities equal to the sound speed in plate materials (i.e., c 2 
where E is the Young's modulus and v is the Poisson's ratio), which are close to the exact values.
In the coupled extensional-bending theory of thin shells, h/R « 1 is again assumed. However, the change of the curvatures of the shell's mid-surface ßj and ß 2 are now included in the strain energy density of the shell. These changes of curvature (bending) are expressed in terms of the derivatives of u, v, and w, so that the strain energy density is again dependent on only these three displacements. The strain energy has membrane components that are linearly dependent on the thickness (h/R), and additional bending components have cubic dependence on the thickness, i.e., (h 3 /R 3 ). Thus, there are still three branches in the frequency-wavenumber spectrum corresponding to the three independent variables u, v, and w. The lower acoustic branch representing the flexural vibration is dependent on terms of (h/R) and (h 3 /R 3 ). However, the group and phase velocities become infinite as k -> ~, i.e., co « k 2 , similar to the BernoulliEuler bending theory of elastic plates. Thus, the flexural vibration is accurate in the low frequency range but is still inaccurate in the high-frequency range. The second acoustic branch is the extensional torsional mode, which is not influenced by the addition of bending. The optical branch representing longitudinal vibrations is slightly influenced by the bending terms; and thus, the group and phase velocities are good approximations to the exact values in the limit of k -» °° To improve the accuracy of the flexural vibration branch for high frequencies, the thin shell theory is improved by the addition of shear deformations and rotatory inertias. This means that the change of curvatures ß x and ß 2 are no longer derivatives of u, v, and w, but are independent variables. The new thin-shell theory now has five independent variables, (u, v, w, ß l5 and ß 2 ); the frequency-wavenumber spectrum has five branches: two acoustic branches (one torsional and one flexural) and three optical branches (one longitudinal and two thickness shear modes). The flexural branch now has the correct group and phase velocities.
This report first surveys the literature covering prolate spheroids and PSS for free and forced vibrations of unloaded shells, fluid-filled shells, free and forced vibrations of submerged shells, and acoustic scattering from submerged shells. It then presents the development of the five coupled partial differential equations for thin elastic shells, including extensional, bending, shear deformation and rotatory inertias. These equations are developed from the Lagrangian of the strain and kinetic energy densities of the shell, using Hamilton's variational principle. This approach leads to an accurate, self-consistent coupled set of five partial differential equations of the correct expansion in h/R valid to 0(h 3 /R 3 ). This approach also guarantees a self-adjoint positive-definite system of equations that leads to real and positive eigenvalues and real eigenfunctions. Burroughs and Magrab 7 were the first to include bending and shear deformation in the shell equations using a variational approach in terms of shear and moment resultants. They developed five coupled equations for nonaxisymmetric motion for a shell with constant thickness. However, they obtained solutions for only the axisymmetric vibration using Galerkin's method, which means that there are three branches for the axisymmetric case. They showed that for axisymmetric vibrations, the resonance frequencies for the flexural modes increase with (h/R), while the longitudinal modes are not influenced by the addition of bending or shear deformations. Of course, there is a new branch representing thickness-shear mode that was shown to be inversely proportional to (h/R). Yahner and Burroughs 8 obtained the axisymmetric
LITERATURE REVIEW
FREE AND FORCED VIBRATIONS OF UNLOADED PROLATE SPHEROIDAL SHELLS (PSS)
vibration of an open shell with a variable thickness. They exhibited the influence of the opening of the shell on the three axisymmetric modes, flexural, longitudinal, and thickness-shear. Chen and Ginsberg 9 revisited the problem by focusing on the loci of the eigenvalues of three PSS for the axisymmetric vibration, but they included only extensional and bending terms and used the Galerklin method in their solution.
VIBRATION OF FLUID-LOADED PSS
The first attempt at examining the fluid loading effects on the vibration of submerged PSS was made by Hayek and DiMaggio. 10, 11 The complex natural frequencies of submerged PSS using only extensional strain energy were found for shells of variable thickness using perturbation techniques on the strain energy density and the surface acoustic pressure. They showed that the two pairs of real frequencies (±co 12 ) of the flexural and longitudinal branches of in-vacuo shells have increased to seven frequencies: three pairs of complex frequencies (±0) 12 ,3 + i^ 2 3) and one purely imaginary frequency (i^). The two pairs with small imaginary components (±ü> 1>2 + i£i (2 ) of the submerged shells correspond to the two real pairs of the unloaded shells. The real parts (±0>i,2) decreased from the in-vacuo shells due to the additional fluid mass loading of the acoustic medium, and the imaginary parts represent the energy lost through acoustic radiation (acoustic resistance) from the shell. The remaining pair (±0)3 + i£ 3 ) has a large imaginary part, caused by high acoustic resistance. The purely imaginary root implies pure damping. Rand and DiMaggio 
ACOUSTIC SCATTERING FROM PSS
Acoustic scattering from PSS has not been studied as well as the topics of vibration and acoustic radiation from PSS. Chertock figure 3 .1). The coordinate system transformations from cartesian coordinates are given by
where d represents the interfocal distance of the generating ellipse.
In terms of cartesian coordinates, the prolate spheroidal coordinates are 2,2 2
x + v z «. + A-= 1 (ellipsoid surface for constant q), The length and area elements are
where
, and h^ =^[(1-^X^-1)1
An area element on a surface £ = constant is defined as (3.6) and the gradient is defined by
The Helmholtz equation in prolate spheroidal coordinates is
where the nondimensional wavenumber c is given by c=-kd.
(3.9)
The Heimholte equation is separable into prolate spheroidal wave functions, i.e., ~cos(m<)))~ sin(m<|)) Vmn=S mn (c,Tl)R m n(c,£> (3.10) where the angular and radial wave functions S mn (c,Ti) and R mn (c,£) satisfy the following secondorder differential equations: It should be noted that the angular prolate spheroidal wave functions are dependent on wavenumber c unlike the angular spherical wave functions. Both of the prolate spheroidal wave functions can be expanded in terms of spherical wave functions.
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DEFORMATIONS AND KINEMATICAL RELATIONS FOR CURVILINEAR THIN SHELLS
The theory of thin curvilinear shells depends on assumptions made in the theory of elastic media. Specifically, it is assumed that the shell is thin and that deformations are small. The shell's mid-surface is defined by general curvilinear orthogonal coordinates, cCj and o^, where z is the coordinate normal to the mid-surface of the element ( figure 4.1) . The theories of thin shells have been developed in many books, 27 " 31 and special higher-order theories are presented in several research reports and archival papers. where z is the distance along the normal of the mid-surface, -h/2 < z < h/2.
The assumed displacement fields have in-plane displacements u 2 and u 2 and out-of plane displacement w, as well as thickness-shear deformations ß } and ß 2 and thickness-stretch deformations Wj and w 2 . In this work, the thickness-stretch components Wj and w 2 will be neglected in applications for mid to moderately high frequencies. With the neglection of Wj and w 2 , there are five branches in the frequency-wavenumber spectrum (two acoustic and three optical branches) that extend the classical Love (thin-shell membrane-bending) theory to a much higher frequency range. 
STRESS-STRAIN RELATIONS
The stress-strain relationships for an isotropic elastic shell can be written for the non- where E is the Young's modulus, v is the Poisson's ratio, G is the shear modulus, G' is the corrected shear modulus to compensate for the thickness-shear deformation, and K is the correction factor given by Mindlin. 32 ' 33 15/(16 blank)
LAGRANGIAN OF THE DYNAMIC SYSTEM FOR A THIN SHELL
The equations of motion of the vibration of shells can be derived from the Lagrangian L defined as
where U is the strain energy of the shell, K is the kinetic energy of the shell, and X is the potential for the work done by external surface distributed forces. Substituting the stress-strain relations in equation (5.1), the strain energy density is obtained as
The kinetic energy density per unit volume is defined by
where p s is the density of the shell's material, and the dot indicates the partial derivative with respect to time 9/9t.
A surface element dS at any surface z is The total kinetic energy of the shell is thus given by h/2 K= J" J J K(a 1 ,a 2 ,z)dSdz.
(6.7) aj a 2 -h / 2
The potential for external distributed force fields acting on the upper (h/2) and lower (-h/2) surfaces of the shell is the product of these force fields and the corresponding displacements at the upper and lower surfaces, integrated over the upper and lower surfaces.
Let Qu,» <lu 2 »and Qw be th e distributed forces per unit area in the 1,2 and 3 directions, applied on the upper surface of the shell and let q~ , q~2, and q~ be the corresponding forces applied on the lower surface of the shell. Since the surface element dS is a function of z, then
The total work done by these distributed surface forces is the product of these forces and the corresponding displacements evaluated at the upper and lower surfaces, i.e., X = j J (quUi + +q; 2 Uj+q+W + )dS + +J J (q"Uf +qä 2 U£+ q ;W-)dS~ (6.9) where the +/-superscripts indicate the upper/lower surfaces of the shell.
Since the dependence of the strains and velocities on z is known (see eqs. Using equation (6.10) , the integral of the kinetic energy over z only in equation (6. The expression for the total work done by external forces in equation (6.9) can also be simplified by substituting for the displacements and the surface elements at the upper/lower surface so that and uf = ui±£ßl, U 2=U 2 ±-ß2.
This results in the following expression for X: 
Note that Yi + Y2 = Yi2-The constant y in the last term of (6.15) was introduced by Naghdi 34 as Y = 3/7 to further correct the shear correction factor, K.
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GEOMETRIC AND KINEMATICAL EQUATIONS FOR A PSS OF CONSTANT THICKNESS
Consider a PSS of constant thickness whose mid-surface is defined by £ = a > 1 and interfocal distance d. A point on the shell's mid-surface is given by coordinates cCj = r\ and o^ = (|). The shell's length 2£ and maximum radius R are given by (see figure 7 .1) Half length t = da/2, Maximum radius R = dVa -1 / 2,
Ratio of diameter/length = , a Eccentricity e = 1/a.
(7.1)
The metric coefficients of a surface element at the mid-surface of the shell, h^ and h^, and the surface element dA at any point T|, (j) are given by and dS=f-l Va 2 -lVa 2 -Tl 2 dTid^. 1 dv u dlu w
25/(26 blank)
DERIVATION OF THE EQUATIONS OF MOTION
The The partial differential equations of motion are then given by
3yk,2J 9x 3 l ay k , 3 J 3xfl3yk,nJ 9x^3y k ,22 One can obtain the five coupled partial differential equations by applying the calculus of variations, equation (8.3) , on the Lagrangian L. Since the Lagrangian is a very long expression, the application of equation (8.3) is performed for each component of L, i.e., K, X, and U. 
EXTERNAL WORK
The external work X has terms with y k only, so that the application of (8.3) results in the following terms of the type dX/dy k :
^3
: ~Eh7 qwhT,h *' (8J )
Eq5: s-mo h^h*.
KINETIC ENERGY
The inertial terms are determined by using (8.3). The kinetic energy has terms of the type y k;t so that the application of equations (8. 
STRAIN ENERGY
The strain energy has terms with partial differentials of up to second-order in r\ and 0.
Applying ( The partial differential operators (Ly) will be defined in the proceeding subsections. To simplify the expressions, the following variables will be used: 
REDUCTION TO SPHERICAL SHELLS
The equations of motion of spherical shells with shear deformations and rotatory inertias can be recovered from section 8 by taking the limits, d -» 0, a -> °°, and -j=£ ->R. These were also derived earlier by Wilkinson, 35 Prasad, 36 and Wilkinson and Kalnins. thickness. The equations were derived from the Lagrangian of the system, including the strain and kinetic energies and the potential for external mechanical surface forces and moments. The strain energy density was derived for three independent (displacements and two changes-ofcurvature. The strain energy was developed in a Taylor series of thickness-to-radius ratios of up to third order. Thus, the theory includes the effects of membrane, bending, and thickness-shear deformations. The kinetic energy density includes the translational as well as rotational components, so that the equations of motion include translational and rotatory inertias. The potential for external forces includes distributed surface forces and moments.
Use of Hamilton's principle on the Lagrangian of the system resulted in five coupled partial differential equations for nonaxisymmetric vibration. These equations are self-adjoint and positive definite due to the use of the Lagrangian and the calculus of variations in their derivation. The five partial differential equations are coupled for non-axisymmetric motion but reduce to two systems for axisymmetric vibration. One system has three coupled partial differential equations on u, w, and ß^, i.e., nontorsional displacement fields and the second system has two coupled partial differential equations on v and ß^, i.e., torsional displacement fields.
The thin-shell theory used in this report results in a frequency-wavenumber spectrum with five branches. The accuracy of the thin shell theory is judged on how accurate these branches agree with the exact elasticity theory. It has been known that the inclusion of the thickness-shear and rotatory inertia effects makes the lowest flexural branch have the correct group and phase velocities in the high-frequency/high-wavenumber limit. The second acoustic branch represents torsional motion and it also has the correct phase and group velocities in the high-frequency limit. The first optical branch represents longitudinal motion, where the group and phase velocities are approximately correct. The remaining two optical branches represent the thickness-shear modes.
These equations were reduced to those for the nonaxisymmetric vibration of spherical shells and shown to agree with those developed earlier by various authors.
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The five coupled partial differential equations have nonconstant coefficients and do not have closed form eigenfunctions that would satisfy the system of equations. In future reports, approximate comparison functions will be used for the five dependent variables u, v, w, ß , and ß,,,. These would result in coupled 5N x 5N algebraic equations in terms of N comparison function sets.
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